ABSTRACT. We develop a hyperasymptotic expansion for solutions of the general second-order homogeneous differential equation with a singularity of arbitrary integer Poincare rank at infinity. This expansion is in terms of certain integrals which are generalisations of the hyperterminant integrals developed in other papers for the rank one case.
Introduction
The general linear homogeneous differential equation of the second-order is given by
dW , , TJZ A -MT + M-te +9(z)W = 0.
(LI)
The problem we shall study is that of an irregular singularity of rank r at infinity. In this case, the functions / and g can be expanded in power series about infinity of the form OO j. CO
3=0 Z 3=0 Z
which converge in an open annulus \z\ > a. At least one of the coefficients /o, #o ? 9i is non-zero; otherwise the singularity would have lower rank. This equation (1.1) is studied in detail for the case r = 1 in [2] where a method of rigorous re-expansion of the remainder terms in the asymptotic expansion of the solution is developed. The re-expansions are in terms of certain multiple integrals, the so-called hyperterminant integrals. This equation also is studied in [3] for the case of arbitrary r, and a method for the calculation of Stokes' multipliers is derived. Using these results, we have developed the hyperasymptotic expansions (see [1, 2] for references) for the differential equation (1.1) for the general case of the second-order linear differential equation of arbitrary rank r. where Hz) = \f 2 
Setting up the problem

(z) + lf'(z)-g(z).
We may assume without loss of generality that \fo-go is non-zero 1 so that the square root of 0 can be expanded in the form There are only two linearly independent solutions to the second-order differential equation (2.2), so there must be a linear relationship between any three solutions; a connection formula. In particular, we can write for k odd. The number uo = ^2 -fix. Note that Uk+2r(z) = ^fc(^)-In a similar manner to [3], we now can write down a Stieltjes integral representation for each of the functions Uk • The representation has a slightly different form depending on whether k is an even or odd integer.
For odd k,
We use these integral representations for Uk to derive an integral representation for the remainder after truncation of its asymptotic series. This is done by expanding the term {t -z) -1 as a finite geometric series. The details of the proof are similar to [3] and are omitted. As a byproduct of this process, we also find an integral representation for the coefficients of the asymptotic expansion for Uk-These can be used to develop asymptotic expansions for the coefficients (see [2, 3] In the integrals in (2.17) and (2.20), z has been restricted to the phase range |phz| < 7r/r -5. We would like now to include the phases ±7r/r. We do this by analytically continuing the integrals. This is performed in the standard way, i.e., indenting the straight line contours from £ = pto£ = ooina semi-circle ||z| -t\ = S where the indentation goes to the left (resp. to the right) of z when 0 < ph z < ir/r (resp. -7r/r < phz < 0) (see Figures 1,2) . We shall call this contour V. With this extension and the continuation formulae, we can get a representation for any solution of the differential equation for any z.
Optimal expansion at level zero (Poincare asymptotics)
We now wish to minimise the remainder in (2.15) and (2.18) to determine the optimal number of terms of these expansions to use with the single standard Poincare asymptotic series. We will consider in detail the case for even k\ the calculations are similar for odd h.
Let n = NQ in (2.15). The remainder term is given in (2.17). We deal with the two terms separately. The first term is estimated by ^^&«r,m=o(p»°z-»<>).
(3.1)
In the second term of (2.17), we can see that the dominant contribution to the bound occurs when -ir/r < ph z < 0 and arises from the integral for which 2j -k = 0. 2 The path along which we integrate is indented at \z\ to pass to the right of \z\. To derive sharp error bounds, we need to perform the analytic continuation of the previous section in a different way.
Starting with the dominant integral (assume 0 > phz > -n/r)
,00 e-trtNo+u,-luk+i{t) The last step is due to the fact that e f3o / r (i3o/r)~f 3o / r has its maximum at /?o = r. This estimate for the semicircular indentation of the integral therefore can be absorbed in the estimate for the straight-line part of the integral (3.2), and this is our final estimate for the integral. The remainder term in (2.17) then is estimated by 0(r((iVo + ^a;)/r)^-iVo+1 ).
(3.5)
Using the value of iVo in (3.4) and Stirling's formula, we can minimize (3.5) with respect to /3Q. We find that
zN°+l r((No + nLj)/r) = c \e-^^(0o/r) \(0o/r) \ z \l+nuj-r/2
and /?o = r for the remainder to be minimal. Substituting this value of /SQ in (3.5), we find that the minimal remainder estimate for k even is In the third term, taking the expression for -Riy+iO^ -^1) from (2.20) and replacing all occurrences of p by p -5 (to ensure convergence of the integrals),
The estimate for the integral of the e term is given by (3.1), so that we have
The double integral written out in full is
Jv Jp-
We estimate this by noting that -nu)/r) ).
All of the other terms can be absorbed into this estimate, so that we have our final estimate We find that the estimate (4.5) is minimized when /?o -Pi = r and Pi = r, so that Po = 2r, and the optimal estimate for the remainder at level 1 is iT^A^TVi)^1-7^-21^.
General levels
The complete expansion for Uk(z) can now be written down and proved by induction. The number Vk in Theorem 2 is 1 when k is even and 0 when k is odd. In the case where the expansions are optimally truncated after n series, the number of terms in the final re-expansion is iVp = r\z\ r + a^; then in each previous expansion, the number of terms increases approximately by this amount, i.e., N p -i = (i+l)r|z| r + a p -ii etc. The optimal error term in this case is R^ = 0(z 1~p^e~p^z^) . The general integral G appearing in the expansions above is given by for n > 1 and for n = 0, it is given by (4.1).
On calculation of the integrals G appearing in expansions
The integrals (5.1) and (4.1) (often called terminant integrals) can be calculated numerically by writing them in terms of the integrals in [2] . We then can use some results in [1] 
Conclusions
In Theorem 2, we have obtained in general form a hyper asymptotic expansion at all levels for solutions of a second-order homogeneous linear ordinary differential equation which has an irregular singularity at infinity of arbitrary rank r.
As in [2] , this expansion for sufficiently large level p is numerically unstable. This instability is due to the fact that in general we sum a divergent series past the point where the last term added is of order one, leading to severe cancellation. This may be dealt with in the same manner as in [2] . The optimal numerically stable scheme will use fewer terms than the corresponding optimal series from Theorem 2, but it will not be as accurate for the same level p.
We also may extend the region of validity of the exponentially improved expansions in a manner similar to [2, Section 10], with a corresponding weakening of the error estimates in the expanded sectors. This is really of only theoretical interest, however; in practice, the high accuracy results in this paper can be used to generate approximations to any solution anywhere in the complex plane by direct use of the connection formulae (2.11) and (2.12).
